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ABSTRACT

Topological flat bands have attracted significant interest across various
branches of physics, where synthetic gauge fields are typically considered
an essential prerequisite. Numerous mechanisms have been proposed for
implementing these fields, including magnetic fields on electrons, differ-
ential optical paths for photons, and strain-induced effective magnetic

Flat bands

Two-anyon bands with § =1

fields, among others. In this work, we introduce a novel approach to gener- 2T 106 — JE
ating synthetic gauge fields through quantum statistics and demonstrate %B B R
their effectiveness in realizing anyonic topological flat bands. Notably, we = § w"#

discover that a pair of strongly interacting anyons can induce square-root En g | IR
topological flat bands within a lattice model that remains dispersive and = 1937 20257
topologically trivial for a single particle. To validate our theoretical predic- O —

tions, we experimentally simulate the quantum statistics-induced topolog- State index
ical flat bands and square-root topological boundary states by mapping
the eigenstates of two anyons onto modes in electric circuits. Our findings
not only open a new pathway for creating topological flat bands but also
deepen our understanding of anyonic physics and the underlying principles

of flat-band topology.

Keywords topological flat bands, anyons, quantum statistics, topolectrical
circuits

1 Introduction

In recent decades, flat bands with exotic topological
properties have garnered significant attention across
various disciplines, including condensed matter physics
and artificial quantum and classical systems [1-8]. A
pioneering example is the two-dimensional (2D) electron
gas subjected to a perpendicular magnetic field, where
Landau levels with non-zero Chern numbers emerge [9].
More recently, the study of complete topological flat
bands in discrete lattices has sparked considerable inter-
est. One established approach to achieving complete flat
bands in electronic lattices involves introducing
magnetic flux with specific values, where destructive
interference among different propagation paths leads to

=C>= Higher

g Education
Press

the formation of compact localized states known as
Aharonov—Bohm (AB) cages [10-14]. Although initially
applied to electronic systems, it has since been recognized
that synthetic magnetic fields can extend this
phenomenon to non-electronic lattices [15-21], creating
opportunities to observe complete topological flat bands
in various artificial bosonic and classical-wave systems.
Motivated by the distinctive features of flux-
controlled flat-band localization, extensive investigations
have also been conducted on the influence of particle
interactions within AB cages [22-32]. Preliminary studies
have shown that these interactions can cause delocalization
in fully flat-band systems [22, 23], a phenomenon that
has indeed been experimentally observed [24]. More

recently, it has been noted that strong interaction effects
o
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can lead to the formation of doublons from two bosonic
particles, which themselves exhibit AB caging behavior
under half-valued flux conditions [27-30]. Furthermore,
non-trivial topological edge states have been observed
within these doublon-based AB cages [30]. All existing
proposals for topological flat bands within single- and
few-particle AB cages require complex-valued single-
particle hoppings induced by synthetic gauge flux to
achieve destructive interference.

In this work, we demonstrate that flat bands with non-
trivial topology can be induced purely by quantum
statistics in a one-dimensional (1D) two-anyon lattice
model. Anyons, predicted in the 1980s, are quantum
particles or excitations with exchange statistics that are
intermediate between bosons and fermions [33-52].
Previous studies have shown that quantum statistics can
induce various novel effects, such as anyonic Bloch oscil-
lations [47, 48], anyonic bound states in the continuum
[49], and quantum statistics-induced topological transitions
[50]. Despite these advances, quantum statistics has
never before been shown to act as synthetic gauge flux
and trigger the formation of non-trivial flat-band topol-
ogy. Here, we reveal that two-anyon flat bands associated
with square-root topology can be purely induced by
quantum statistics. Moreover, by mapping two-anyon
states in a one-dimensional lattice to the modes of a two-
dimensional circuit network, we experimentally simulate
the anyonic flat-band localizations and square-root topo-
logical boundary states. Our results open the door to
novel physics arising from the interplay between strong
interactions and anyonic correlations, and suggest a new
route to simulating effective magnetic fields through
quantum statistics.

2 The theory of quantum statistics-
induced anyonic topological flat bands

We consider a pair of interacting anyons hopping on a
1D chain with N units, and each unit contains two
sublattices marked by “A” and “B”. Figure 1(a) illustrates
the nearest neighbor (NN) and next-nearest neighbor
(NNN) hoppings (J) and Fig. 1(b) presents three types
of two-anyon interactions, including the on-site interaction
at both sublattices (U), NN interaction at “A” sublattice
(V), and direct two-anyon hopping (P). The model can
be described by the extended anyon-Hubbard Hamiltonian
as

Fig. 1 The theoretical model of two-anyon systems
sustaining quantum statistics-induced completely topological
flat bands. (a) The schematic diagram for the 1D single-
particle lattice model with two types of sublattices. Each
unit contains two sublattices marked by “A” and “B”. The
NN and NNN hoppings (J) are marked by black lines.
(b) The schematic diagram of three types of two-anyon
interaction effects, including the on-site interaction at both
sublattices (U), the nearest-neighbor interaction at sublattice
“A” (V), and the direct two-anyon hopping (P).

where o (q;) and n; = aj"a, are the creation (annihila-
tion) operator and the particle number operator. The
anyonic commutation relations are expressed as
5:31 _ al""akeiésgn(lfk) = o i0sgn(l—k) _ 0,

and Elak — Ekale

where 6 is the statistical angle. The two-anyon state

) = % 27]7\]1,71:1 Za,,@o(A,B
C(m,a)(n,ﬂ)azﬁmﬁa)a&ﬁ) |0) , where C,,, o)(n,5) is the probability
amplitude with one anyon at “a” sublattice in the mth
unit and the other one at “3” sublattice in the nth unit.
By solving the steady-state Schrodinger equation, the
eigen-equation of two-anyon state C(,, ayms can be
obtained (See Supplementary Note 1 for the detailed
derivation).

The calculated eigenspectra of two anyons with the
statistical angle being 6 =0, 0.57 and 7 are shown in
Figs. 2(a)—(c). Other parameters are set as J =1, P =
V2, U=V = 100+2v2, and N = 45. It is shown that
two-anyon eigenspectra are separated by an energy gap
(= U, V). The low-energy section (e ~0) corresponds to
scattering states of two anyons. The spatial profile of a
two-anyon scattering state is depicted in Fig. 2(d),
which is extended into lots of two-anyon states at non-
diagonal positions in the Fock space. Zero amplitudes of

can be expanded as

Cinayna)> Contrmma) Conaynir,ay, a0 Ci pyn,p)
indicate that two anyons are always separated from each
other in the low-energy region. High-energy eigenmodes
(e ~U,V) correspond to two-anyon states with strong
interactions. Enlarged views of high-energy eigenspectra
are shown in three insets enclosed by red blocks. We can
see that the statistical angle can significantly alter the
dispersion of two-anyon bands with strong interactions.
Specifically, when the statistical angle equals to zero, the

N
_ + + +
H= Z[—J(al,Aal,B + W pay +a; qa141,4

1=1
+ + oot

+a; ptis1,B) = 0'5P(al,Aal,Aal’Bal’B

+ a?‘BaJr a aj+1,4) +0.5Un; 4 (ng 4 — 1)
PLB 141,A ’ ’ ’

+0.5Un; (nl,B — 1) + an’AnlJrl’A] + h.c.,

(1)
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Fig. 2 Numerical results of quantum statistics-induced two-anyon topological flat bands. (a—c) The calculated eigenspectra

of two anyons with the statistical angle being 6 =0, 0.57 and

. Other parameters are set as J =1, P = 2, U=V =

100 +2v/2, and N = 45. The low-energy section (¢ ~ 0) corresponds to scattering states of two anyons. Insets display the high-

energy eigenspectra. (d) The spatial profile for the two-anyon

scattering state. (e—g) Spatial profiles of two-pseudofermion

flat bands at e = 100, 102.8 and 105.7. The flat-band eigenmode at ¢ =102.8 possesses the zero-value amplitude of C(, 4w, 4)-
Other two flatbands have the large amplitude of C(, ay(n,4y. (h) The 1D effective model of two anyons with strong interac-
tions. The unit is composed of four two-anyon states of C(, ayn,4)» Cint1,4)(n,4)> Cln,a)(nt1,4)> 30A Cly Byn,py- (1) The spatial
profile of the midgap topological state for two anyons with strong interaction.

two-anyon flat band appears at ¢=102.8 and contact
with other two dispersive bands. By increasing the
anyonic statistical angle to ¢ = 0.57, the flat band with
e =102.8 is separated from other bands. Interestingly,
three nearly flat bands appear when the statistical angle
equals to ¢=n (pseudofermions). Figures 2(e)—(g)
display compact localized states of three flatbands at
e =100, 102.8 and 105.7. It is shown that the flat-band
eigenmode at ¢ =102.8 possesses the zero-value amplitude
of Cy, 4)(n, 4)- Other two flatbands have the large amplitude
of C(n ay(n,a)- In Supplementary Note 2, we calculate
energy spectra of the two-anyon model with different
interaction strengths. It is found that the flatness of two-
pseudofermion band is enhanced with the interaction

strength being increased.

The origin of two-anyon flat bands can be clarified
with an analytic formula. It is noted that the coupling
between two-anyon states with strong interactions and
two-anyon scattering states is very weak. The behavior
of two anyons in the original 1D lattice can be effectively
simulated by a single particle in the mapped 2D lattice.
In addition, the on-site interaction and NN interaction
at sublattice “A” can be re-interpreted as the on-site
potential of the mapped 2D lattice at the main diagonal
and two lateral diagonals, respectively. Under strong
interactions, the coupling between lattice sites with low-
and high-valued on-site potentials can be neglected,
allowing the lattice sites with high-valued on-site potentials

Xiaoqi Zhou, et al., Front. Phys. 20(2), 024205 (2025)
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can be treated as an 1D effective model. In this case, the
effective model of two anyons with strong interactions
can be viewed as a 1D superlattice, as shown in
Fig. 2(h). The unit of the 1D effective lattice is
composed of four two-anyon states of C(, a)n,a)
C('nJrl,A)(n,A)a C(n,A)(nJrl,A)» and C(n,B)(n,B), with the effec-

tive Hamiltonian in the momentum space being
expressed as
H(k)
0 JetJe? pet 4 P oJet 4T
_ | Jem 4 ge 0 0 0
Pe %+ P 0 0 0
Je k4 J 0 0 0

(2)

Four Bloch bands E,;4 (k) can be solved as E, 4 (k) =
+(4J% coskcosf + 2P% cosk +4J% +2P%)Y/2 and  Fy; (k)=
0. We can see that the complete two-anyon flat bands
can appear in the strong-interaction region when the
statistical angle and hopping strengths satisfy
2J2cosf + P2 =0. In this case, we can see that system
parameters (J = 1 and P = +/2) used in the two-pseud-
ofermion model with nearly flat bands satisfy this
formula. It is worth noting that the effective two-anyon
model possesses a similar caging condition to that of a
single-particle AB caging with two synthetic gauge
fluxes in each unit [56]. In Supplementary Note 3, we
provide numerical results on the generation of anyonic
flat bands with other statistical angles. These results are
consistent with the analytical prediction. It is worth
noting that the emergence of anyonic flat bands in our
model differs significantly from previous studies that
rely on complex hoppings of a single particle or multiple
particles. Our model only involves real-valued lattice
hoppings, where the synthetic gauge flux arises from the
statistical phase resulting from the exchange of two
anyons. In this scenario, the statistical correlation effec-
tively acts as an effective magnetic field, leading to the
appearance of anyonic flat bands. It is worth noting that
the appearance of the two-anyon flat bands is not coinci-
dental but rather a consequence of the specific design of
single-particle and two-anyon hopping strengths as well
as the two-anyon interactions.

In addition, quantum statistics can also generate the
topological edge mode in bandgaps between anyonic flat-
bands, as shown in Fig. 2(c). Figure 2(i) presents the
corresponding spatial profile, manifesting the appearance
of topological edge states of two strongly interacting
anyons. To further illustrate the topological origin of
anyonic midgap edge states, we compute the topological
invariant in 1D momentum space of the two-anyon
effective Hamiltonian. We focus on the case with § =,
where a two-fold degenerated zero-energy band and
other two isolated flat-bands exist. The Zak’s phase
Yiso =i, " Pdk(v; (k) |0k|v; (k)) (i=1,4) of each isolated

flat band (|v; (k) > is the eigenmode) is calculated. As
for the degenerated zero-energy band, we use the
Wilzcek-Zee phase v, = [ "Tr[A (k)] dk as a topological
invariant to qualify its topological property. The matrix
A (k) is expressed as A (k)" = (v, (k) |0k |vm (k)), Where n
and m run over the degenerated band. It is found that
the degenerated zero-energy band has a winding phase
~va =7, and two isolated flat bands have ~;,, = m/2. The
non-quantized bulk windings are consistent with that of
the 1D AB cage, where the square of associated Hamil-
tonian can exhibit quantized topological exponents [21]
(see Supplementary Note 4 for details). The square-root
topological boundary states localize two strongly correlated
anyons at the lattice edges. This localization persists
even in the presence of disturbances or disorder. We
expect that we can use this property to achieve robust
anyon manipulations, which holds potential applications
for future topological quantum computing.

3 Experimental simulation of anyonic
topological flat bands by electric circuits

Realizing a topologically flat band induced by the quantum
statistics of two anyons in a condensed matter system is
highly challenging [48-50]. Generating effective anyon
excitations in such systems is inherently difficult, requiring
precise control and complex experimental conditions. In
addition, our model includes the on-site interaction at
both sublattices, NN interaction at “A” sublattice, single-
particle hopping and direct two-anyon hopping. These
requirements are currently beyond the reach of existing
condensed matter systems. It has been demonstrated
that the Fock space of a 1D few-body model exhibits a
rigorous correspondence with a mapped high-dimensional
lattice [53-55, 57]. Based on the similarity between
circuit Laplacian and lattice Hamiltonian [58-69], electric
circuits can be designed to construct the mapped 2D
lattice. Figure 3(a) presents the schematic diagram of
the circuit with = 7. Two circuit nodes connected by a
capacitor C are regarded as an effective site in mapped
2D lattice, where voltages at two nodes can be formulated
to achieve two voltage pseudospins Vi | (m.a)ms) =
V1 (m,o)(n,8) £ Va,(mua)(n,p))/ V2. Two  capacitors C are
used to link adjacent nodes without or with a cross to
realize the effective hopping J or Je*™. Grounding
capacitances Cy and Cy can implement the onsite inter-
action and NN interaction at “A” sublattice. Each node
is also grounded by an inductor L. In this case, the
circuit eigen-equation possesses the identical form with
that of two anyons (See Supplementary Note 5 for the
detailed  derivation). The probability amplitude
Cim,a)n,p) 15 mapped to the voltage pseudospin
Vi (ma)n,p)- Lhe eigen-energy is related to the eigen-
frequency (f) of the circuit as e= f2/f?>—10 with
fo=1/(2nv/CL). Two-anyon interactions are given by

024205-4
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Fig. 3 Experimental simulations of quantum statistics-induced topological flat bands in electric circuits by impedance
responses. (a) The schematic diagram of designed 2D circuit with § = 7. Two circuit nodes connected by a capacitor C are
regarded as an effective site in mapped 2D lattice, where voltages at two nodes can be formulated to achieve two voltage
pseudospins Vi, | (m,a)(n.8) = (Vi,(ma)(n.8) £ Va,(m,a)(n,8))/V2. Three insets illustrate the grounding of circuit structure.
(b) Photograph images of the fabricated electric circuit near and far away from the diagonal. The corresponding parameters
are set as N = 5, C = 1nF,C, = 1.4 nF,Cy = 100 nF, Cy = 102.8 nF and L = 3.2 pH. (c, d) Experimental results of impedance
responses at two diagonal bulk nodes. (e) Green, orange and blue lines correspond to simulation results of impedance spectra
at three diagonal circuit nodes. (f, g) Experimental and simulation results of impedance responses at an off-diagonal bulk
node(4, A), (2,4). (h) The measured impedance spectrum of an edge node at (1, 4), (1, A).

U= (Cy+2Cp)/C and V =Cy/C. The single-particle measured impedance spectrum of a bulk node at

and two-anyon hoppings equal to J =1 and P = Cp/C.
Two charts in Fig. 3(b) present photograph images of
the fabricated electric circuit (N = 5) near and far away
from the diagonal, where C,C,,Cy,Cyand L are taken
as 1 nF, 1.4 nF, 100 nF, 102.8 nF and 3.2 pH, respec-
tively. Details on the sample fabrication are provided in
Supplementary Note 6. Figure 3(c) presents the

(3,A4),(3,A4). It is shown that two impedance peaks are
observed at 0.262 MHz and 0.269 MHz, being matched
to eigenenergies of two-anyon flatbands at ¢ = 105.7 and
100. The absence of an impedance peak related to the
flat band at ¢ = 102.8 is rooted in the zero-valued proba-
bility amplitude of the corresponding eigenstate at
(n,A), (n,A) [shown in Fig. 2(f)]. Figure 3(d) presents

Xiaoqi Zhou, et al., Front. Phys. 20(2), 024205 (2025)
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Fig. 4 Experimental simulations of quantum statistics-induced two-anyon flat-band localizations and topological edge
states by voltage dynamics. (a, ¢, €) The experimental results of voltage dynamics by exciting a diagonal bulk node at (3,
A)(3, A) with w = 1.691 MHz, an off-diagonal bulk node at (4, A)(2, A) with w = 0.877 MHz and an edge node at (1, A)(1, A)
with w = 1.654 MHz. (b, d, f) Distributions of voltage amplitudes at ¢ = 3 ms related to (a), (c) and (e).

the measured impedance of the circuit node at
(3,B),(3,B). It is shown that there are three impedance
peaks, corresponding to three two-anyon flat bands at
e=105.7, 102.8 and 100. The associated simulation
results are plotted in Fig. 3(e) by green and orange lines.
A good consistence between simulations and measurements
is obtained, and the larger width of measured impedance
peaks results from the loss effect in the circuit sample
(See Supplementary Note 7). Then, we measure the
impedance spectrum for an off-diagonal circuit node at
(4, A), (2, A), as shown in Fig. 3(f). The corresponding
simulation result is plotted in Fig. 3(g). It is found that
there are many impedance peaks in the frequency range
from 0.8 to 1.9 MHz, being matched to eigen-energies of
two-anyon scattering states from ¢ = 3.91 to e = —3.91.
To wverify two-anyon topological edge states,
measure the impedance spectrum of an edge circuit node
at (1,4),(1,A), as shown in Fig. 3(h). The simulation
result is presented by the blue line in Fig. 3(e). It is
clearly shown that two impedance peaks at 0.263 MHz
and 0.268 MHz are located in bandgaps between two-
anyon flat bands, being consistent with eigenenergies of

we

two-anyon topological edge states. Because of the loss
effect, the measured widths of impedance peaks are
larger than that from simulations. Above results demon-
strate that anyonic flat bands and topological edge
states can be effectively emulated by our designed 2D
electric circuits. In Supplementary Note 8, we further
design electric circuits with varying values of effective
statistical angles and calculate impedance responses to
simulate the impact of effective statistical angle on the
formation of anyonic topological flatbands in electric
circuits.

Except for the impedance measurement, we further
demonstrate the existence of anyonic flat bands by
directly observing the flat-band-induced localization
effect. Here, the input voltages are in the form of
Vi,(m,a)(n,8) = Voelwt, Va,(m,a)(n,8) = —Vpet  to effectively
excite the voltage pseudospin. Firstly, we input the voltage
signal at (3,4),(3,4) with w=1.691 MHz (matched to
e =100) to study the spatial localization induced by
anyonic flat bands. The measured pseudospin voltages
at all circuit nodes from 0 to 5 ms are plotted in
Fig. 4(a). We can clearly see that the extremely large
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voltage signal is concentrated on a few circuit nodes
near the excitation point. The voltage profile at ¢t = 3
ms is plotted in Fig. 4(b). It is shown that the voltage
signal is concentrated at seven circuit nodes. Such a
profile is consistent with the compact eigenmode of
anyonic flatbands at e =100 [in Fig. 2(e)], showing the
flat-band-induced spatial localization (or the anyonic
caging effect). For comparison, we also measure the voltage
evolution by exciting an off-diagonal circuit node
(4,4),(2,4) with w=0.877MHz (matched to a two-
anyon scattering state), as shown in Fig. 4(c). In
Fig. 4(d), we plot the spatial distribution of voltage
amplitudes at ¢ = 3 ms. It is found that the voltage
signal rapidly spreads into the circuit sample.

Finally, we measure the voltage dynamics by exciting
an edge circuit node at (1,4),(1,A) with w=1.654 MHz
(matched to a two-anyon edge mode), as shown in
Fig. 4(e). We also plot the distribution of voltage signal
at ¢ = 3 ms in Fig. 4(f). Owing to the existence of
midgap topological edge states, the input voltage is
strongly localized around the corner of the circuit
sample. And, the input signal is concentrated at two
boundary nodes (1,4),(1,4) and (1,B),(1,B), being
matched to the distribution of a two-anyon topological
edge state. Above experimental results are consistent
with simulations in Supplementary Note 9. These
phenomena can prove the simulation of two-anyon topo-
logical edge states induced by effective quantum statis-
tics.

4 Conclusion

In conclusion, we have revealed that the emergence of
topological flat bands can be driven purely by quantum
statistics-induced synthetic gauge flux. Our study marks
a significant departure from conventional flat-band
topologies, which typically rely on complex hopping
terms and external magnetic fields. Instead, we demon-
strate that the anyonic flat-band topology arises entirely
from the interference effects inherent in quantum statis-
tics, effectively acting as synthetic magnetic fields.
Furthermore, by mapping the eigenstates of two anyons
onto electric circuit networks, we have successfully simu-
lated the localization properties of anyonic flat bands
and the corresponding square-root topological boundary
states in an experimental setting. These findings not
only offer a novel perspective on the role of quantum
statistics in generating synthetic gauge fields but also
provide a new framework for understanding and exploring
topological phenomena in a wide range of physical
systems. Our work opens up exciting possibilities for
future research, including the exploration of other
unconventional flat-band topologies and novel quantum
phases driven by the interplay of strong interactions and
quantum statistics. Additionally, the experimental real-

ization of these concepts in electric circuits paves the
way for the development of innovative platforms for
simulating complex quantum systems, potentially leading
to new insights and applications in both fundamental
physics and emerging technologies.
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